Abstract. Let S be a multiplicative set in an integral domain D. A nonzero ideal I of D is said to be S-υ-principal if there exist an s ∈ S and a ∈ D such that sI ⊆ aD ⊆ I υ . Call D an S-GCD domain if each finitely generated nonzero ideal of D is S-υ-principal. This notion was introduced in [14] . One aim of this article is to characterize S-GCD domains, giving several equivalent conditions and showing that if D is an S-GCD domain then D S is a GCD domain but not conversely. Also we prove that if D is an S-GCD S-Noetherian domain such that every prime w-ideal disjoint from S is a t-ideal, then D is S-factorial and we give an example of an S-GCD S-Noetherian domain which is not Sfactorial. We also consider polynomial and power series extensions of S-GCD domains. We call D a sublocally s-GCD domain if D is a {s n | n ∈ N }-GCD domain for every non-unit s ∈ D\{0} and show, among other things, that a non-quasilocal sublocally s-GCD domain is a generalized GCD domain (i.e., for all a, b ∈ D\{0}, aD ∩ bD is invertible).
Introduction
Let D be an integral domain with quotient field K. Let F(D) be the set of nonzero fractional ideals of D. For an I ∈ F(D), set I −1 = {x ∈ K| xI ⊆ A}. The mapping on F(D) defined by I → I υ = (I −1 ) −1 is called the υ-operation on D. A nonzero fractional ideal I is said to be a υ-ideal or divisorial if I = I υ , and I is said to be of υ-finite type if I = J υ for some finitely generated ideal J of D. Using the υ-operation we can define the t-operation as: For I ∈ F(D) I t = ∪{F v | 0 = F is a finitely generated subideal of I}. It can be shown that I → I t is a mapping on F(D) and a star operation, like the v-operation. For properties of the υ-and t-operations the reader is referred to [13, Section 34 ]. An ideal I ∈ F(D) is said to be a t-ideal if I = I t and a t-ideal of finite type if I = J t for a finitely generated J ∈ F(D). Also I ∈ F(D) is said to be t-invertible if (II −1 ) t = D. A t-invertible t-ideal is known to be of finite type. A domain D is said to be a Prüfer υ-multiplication domain (PVMD) if every finitely generated I ∈ F(D) is t-invertible.
An integral domain D is called a GCD domain if for each pair a, b ∈ D * = D\{0}, GCD(a, b) exists. GCD domains are an important class of integral domains from classical ideal theory. In a GCD domain, every finite type υ-ideal of D is principal, thus a GCD domain is a PVMD. This property can be generalized in several different ways ( [2] , [14] ). However, we will be mostly interested in the S-GCD property ( [14] ). Let S be a multiplicative subset of D and I a nonzero ideal of D. We say that I is S-principal (resp., S-υ-principal ) if there are s ∈ S and a ∈ I (resp., a ∈ I υ ) such that sI ⊆ aD. Following [14] , D is an S-GCD domain if each finitely generated nonzero ideal of D is S-υ-principal. Note that if S consists of units of D, then D is an S-GCD domain if and only if it is a GCD domain.
In the first part of this paper, we continue the study of the S-GCD property. We give an example of an S-GCD domain which is not a GCD domain. We also give equivalent conditions for an integral domain to be an S-GCD domain. We show that the following are equivalent: (1) D is an S-GCD domain, (2) for a, b ∈ D * , (a, b) (resp., aD ∩ bD, aD : bD) is S-υ-principal (resp., S-principal), and (3) any finite intersection of principal ideals of D is S-principal. Recall from [4] that a saturated multiplicatively closed subset S of an integral domain D is said to be a splitting set if for each d ∈ D * we can write d = sa for some s ∈ S and a ∈ D with s D ∩ aD = s aD for all s ∈ S. A splitting set S of D is said to be an lcm splitting set if for each s ∈ S and d ∈ D, sD ∩ dD is principal. We prove that if S is a splitting set, then D is an S-GCD domain if and only if D S is a GCD domain, and we give an example of a domain D and a multiplicative set S which is not splitting such that D S is a GCD domain but D is not an S-GCD domain. Based on this result we link the S-GCD domains with GCD domains, PVMDs, and UFDs.
We give an S-version of a well known result about GCD domain where S is generated by prime elements of D : D is a UFD if and only if D is an S-GCD domain and D satisfies the ACCP property. Recall from [20] that a domain D is said to be a Mori domain if it satisfies the ascending chain condition on integral divisorial ideals. We show that if D is a Mori domain and S a multiplicative set, then D is an S-GCD domain if and only if D S is a UFD. Note that if D is an S-GCD domain, then D is not necessarily a PVMD. For example, if we take D an integral domain which is not a PVMD (e.g., any non-integrally closed domain) and S = D * a multiplicative subset of D, then D is an S-GCD domain which is not a PVMD. Let D be an integral domain, S a splitting multiplicative subset of D and T the m-complement of S. We show that if D is an S-GCD domain as well as a T -GCD domain, then D is a GCD domain. We also prove that if S is an lcm splitting set of an integral domain D, then D is an S-GCD domain if and only if D is a GCD domain and consequently, D is an S-GCD domain if and only if D[X] is an S-GCD domain. On the other hand, let D be an integral domain and S a multiplicative subset of D. The mapping on F(D) defined by I → I w = {x ∈ K | xJ ⊆ I for some finitely generated ideal J of D such that J υ = D} is called the w-operation on D. According to [15] a nonzero ideal I of D is S-w-principal if there exist an s ∈ S and a ∈ D such that sI ⊆ aD ⊆ I w . We also define D to be an S-factorial domain if each nonzero ideal of D is S-w-principal. Recall from [6] that an ideal I of D is called S-finite if sI ⊆ J ⊆ I for some finitely generated ideal J of D and some s ∈ S. Also, D is called S-Noetherian if each ideal of D is S-finite. We show that if D is an S-GCD S-Noetherian domain such that every prime w-ideal disjoint from S is a t-ideal, then D is S-factorial, but we give an example of an S-GCD S-Noetherian domain which is not S-factorial. Note that the S-GCD property does not carry over to the power series ring. In fact, there is an example of a GCD domain D such that D[[X]] is not a GCD domain [19, Theorem 8] . (This is the case when S consists of units of D). We give with an additional condition a necessary and sufficient condition for the power series ring D[[X]] to be an S-GCD domain. First, recall from [14] In the third section of this paper, we define the notion of a sublocally s-GCD domain. Let D be an integral domain and s a nonzero element of D. We say that D is an s-GCD domain if for each pair a, b ∈ D * , there is a positive integer n and an element c ∈ aD ∩ bD such that s n (aD ∩ bD) ⊆ cD. So if S = {s n | n ∈ N}, where N is the set of positive integers, then it is obvious that D is an s-GCD domain if and only if D is an S-GCD domain. An integral domain D is said to be a sublocally s-GCD domain if for every nonzero non-unit s ∈ D, D is an s-GCD domain. We show that D is a sublocally s-GCD domain if and only if D is an S-GCD domain for every nontrivial multiplicative set S of D (i.e., S contains at least one non-unit). Recall from [1] that an integral domain D is said to be a generalized GCD domain (G-GCD domain) if for each pair a, b ∈ D * we have aD ∩ bD invertible. We prove that a sublocally s-GCD domain that is not quasi-local is a G-GCD domain. In particular a semi-quasi-local sublocally s-GCD domain that is not quasi-local is a GCD domain.
On S-GCD domains
We begin this section by recalling the following definitions in order to give an S-version of a known classical result about GCD domains. First, let us recall that for a multiplicative set S in D, Anderson and Dumitrescu [6] call an ideal I of D S-finitely generated (resp., S-principal ) if sI ⊆ J ⊆ I for some finitely generated (resp., principal) ideal J ⊆ I and some s ∈ S and D is called an S-Noetherian domain (resp., S-PID) if each ideal of D is S-finite (resp., S-principal).
Definition 2.1. [14] Let D be an integral domain and S a multiplicative subset of D. We say that a nonzero ideal I of D is S-υ-principal if there exist an s ∈ S and a ∈ D such that sI ⊆ aD ⊆ I υ . We also define D to be an S-GCD domain if each finitely generated nonzero ideal of D is S-υ-principal. Let D be an integral domain and S a multiplicative subset of D. The mapping on F(D) defined by I → I w = {x ∈ K| xJ ⊆ I for some finitely generated ideal J of D such that J υ = D} is called the w-operation on D. Recall from [15] that, a nonzero ideal I of D is S-w-principal if there exist an s ∈ S and a ∈ D such that sI ⊆ aD ⊆ I w . We also define D to be an S-factorial domain if each nonzero ideal of D is S-w-principal.
Example 2.1. Let S be a multiplicative subset of an integral domain D.
(
The converse of (1) in the previous example is not true in general. Indeed for any domain
The following theorem gives equivalent conditions for an integral domain to be an S-GCD domain. It is well-known that if we take S a subset of the group of units of D, then these conditions are all equivalent to D being a GCD domain. (
It is sufficient to remark that for each a, b ∈ D, aD ∩ bD = (aD : bD)(bD).
Corollary 2.1. For an integral domain D, the following statements are equivalent. 
Proof:
Let I and J be nonzero principal ideals of D S , say I = aD S and
Our next result gives, with an additional condition, a necessary and sufficient condition for an integral domain D to be an S-GCD domain. 
Corollary 2.2. Let D be an integral domain and S a multiplicative set of D. Suppose that each t-ideal of D has υ-finite type. Then if D S is a GCD domain, D is an S-GCD domain.
We next give an example of a domain D and a multiplicative set S generated by a principal prime such that D S is a GCD domain but D is not an S-GCD domain.
where Z is the ring of integers, p a prime number, Q the field of rational numbers, and Y an indeterminate over Q. It is easy to see that R is a discrete rank two valuation domain. Let S = {p n | 0 ≤ n ∈ Z} and note that S is a multiplicative set of R such that
Taking f as a function of X over R S , we note f = Xh(X) where
where k(X) = sh(X) ∈ D. As for any t ∈ S, a/t = (Y X/st)k(X) we conclude that for any t ∈ S and any a ∈ (Y ) ∩ (X) we have An integral domain D is said to be a weak finite conductor domain if for each pair a, b ∈ D * , aD ∩ bD is a υ-ideal of finite type. Also recall that an element x ∈ D * is called primal if for y, z ∈ D * , x|yz implies that x = rs where r|y and s|z. An integrally closed integral domain D with all nonzero elements primal was called a Schreier domain by Cohn [11] . A domain D whose nonzero elements are all primal is called pre-Schreier. A primal element r is called completely primal if every factor of r is primal. A prime element is completely primal. Note that if D is an S-GCD domain, then D is not necessary a PVMD. Indeed, Let D be an integral domain which is not a PVMD (e.g., any non-integrally closed domain) and let S = D * a multiplicative subset of D. It is easy to show that D is an S-principal ideal domain. So D is an S-GCD domain which is not a PVMD. The next proposition links the S-GCD property with PVMDs. First, let us recall that a splitting set S of D is said to be an lcm splitting set if for each s ∈ S and d ∈ D, sD ∩ dD is principal [4] . We start with a special case of PVMDs. Let D be an integral domain. A splitting set S of D is called a t-lcm splitting set if sD ∩ dD is t-invertible for all s ∈ S and 0 = d ∈ D. This concept was mentioned by Chang, Dumitrescu and Zafrullah in [10] , where it was also mentioned that if S is a t-lcm splitting set, then D is a PVMD if and only if D S is a PVMD. (
Proof: (1) It follows from the fact D S is GCD and Noetherian.
(2) We show that every prime w-ideal of D disjoint from S is S-principal and this will prove the result via [15, Theorem 3.2] . Let P be a prime w-ideal of D with P ∩ S = ∅. Then P is a t-ideal by assumption. Since D is S-Noetherian, P is S-finite. So there is a finitely generated subideal J ⊆ P and an s ∈ S such that sP
. Now as already sP ⊆ J ⊆ P we get stP ⊆ tJ ⊆ P. Applying the t-operation we get (stP ) t ⊆ (tJ) t ⊆ P t . Since J is finitely generated (tJ) t = (tJ) v ⊆ (d) and hence stP ⊆ (tJ) v ⊆ (d) ⊆ P. As stP ⊆ (d) ⊆ P, P is actually S-principal. As P is a w-ideal that is also a t-ideal, the expression stP ⊆ (d) ⊆ P stays the same whether we apply the t-operation or the w-operation. Whence P is S-w-principal, the requirement of [15, Theorem 3.2] is met and D is an S-factorial domain.
Corollary 2.6. D is S-factorial in each of the following cases.
(1) D is a GCD domain that is S-Noetherian.
(2) D is an S-GCD S-Noetherian domain and w-dim(D)= 1.
(1) Since D is a GCD domain, D is an S-GCD domain. Also every prime w-ideal is a t-ideal, because a GCD domain is a PVMD and in a PVMD, w = t. So all the requirements of the previous theorem are met. (2) If w-dim(D) = 1, then every prime w-ideal is a t-ideal and so the conditions of the previous theorem are met.
Proposition 2.6. Let D be S-factorial. Then every prime w-ideal P that is disjoint from S is a t-ideal.
Proof: Let P be a prime w-ideal of D disjoint from S. Since D is S-factorial, P must be S-principal. That is, for some s ∈ S and d ∈ P we should have sP ⊆ (d). But then P D S is a principal prime in the UFD D S ( [15] ) and hence of height one. This makes P = P D S ∩ D of height one, and hence a t-ideal.
We next give an example of an S-GCD S-Noetherian domain which is not S-factorial.
Example 2.3. Let Q denote the field of rational numbers and let X, Y and Z be indeterminates over
It is easy to see that D = Q+M is a local Noetherian domain with integral closure R. Since the maximal ideal M is common to both D and R, M = M R and so are the following prime ideals contained in M. P 1 = XR, P 2 = (X, Y )R. We have P 1 P 2 M. We claim that P 2 is not a t-ideal of D while M is a t-ideal of D. This follows from the following observations. Since ht R (P 2 ) = 2 we have R = R :
S a quotient ring of a UFD and so is a UFD. Since D is Noetherian (and hence Mori) and D S a UFD, by Proposition 2.1 D is an S-GCD domain. But D is not S-factorial by Proposition 2.6, because P 2 is a w-prime ideal of D that is disjoint from S but not a t-ideal. 
Sublocally s-GCD domains
Let D be an integral domain and s a nonzero element of D. We say that D is an s-GCD domain if for each pair a, b ∈ D * , there is a positive integer n and an element c ∈ aD ∩ bD such that Proof: If D is s-GCD for every nonzero non-unit s, then D is S-GCD for every nontrivial multiplicative set containing s. Thus a sublocally s-GCD domain is an S-GCD domain for each multiplicative set S. The converse is clear.
Recall from [1] that an integral domain D is said to be a generalized GCD domain (G-GCD domain) if for each pair a, b ∈ D * we have aD ∩ bD invertible, or equivalently, every finite intersection of (integral) invertible ideals of D is invertible [1] . Theorem 3.1. A sublocally s-GCD domain that is not quasi-local is a G-GCD domain.
To prove this we need the following lemmas. For the next lemma we need to collect some necessary notions. A domain is called t-local if it maximal ideal is a t-ideal. Clearly a t-local domain is quasi-local and its maximal ideal is a t-ideal. It is well known that for a set {x 1 , . . . , Corollary 3.1. A semi-quasi-local sublocally s-GCD domain that is not quasi-local is a GCD domain.
Proof: By Theorem 3.1, D is a G-GCD domain. So for each pair a, b ∈ D * , aD ∩ bD is invertible and invertible ideals are principal in a semi-quasi-local domain. Hence D is a GCD domain.
Corollary 3.2. Let D be a sublocally s-GCD domain that is not t-local and contains a non-unit completely primal element. Then D is a GCD domain.
Proof: Let x be a completely primal non-unit in D. As D is sublocally s-GCD domain, D x is a GCD domain and hence by [11, Theorem 2.6 ] D is Schreier. But a Schreier PVMD is a GCD domain [22] .
Note that a one-dimensional quasi-local domain is a sublocally s-GCD domain, but such a domain need not be a G-GCD domain, or equivalently, a GCD domain. Recall from [3] that a domain D is said to be locally factorial if for each non-unit x ∈ D * we have D x is a UFD. Also by Proposition 2.1, if D is a Mori domain and S a multiplicative set in D, then D is an S-GCD domain if and only if D S is a UFD. Using this result we can prove the following proposition. Definition 3.2. Let D be an integral domain and s a nonzero element of D. We say that D is an s-factorial domain if D is an {s n | n ∈ N}-factorial domain. We also define D to be a sublocally s-factorial domain if D is s-factorial for each nonzero non-unit s ∈ D.
Remark 3.1. Note that every sublocally s-factorial domain is a locally factorial domain. If D is not a quasi-local domain, then the sublocally s-factorial and locally factorial notions coincide. For in both cases we end up with a Krull domain. Since the two notions agree for a one-dimensional quasi-local domain, they agree for any one-dimensional domain. But we need to determine if they match up in the non-t-local case. Of course, as in the proof of Corollary 3.3, the non-t-local locally factorial domains are Krull domains, being intersections of finitely many Krull domains. Now being locally factorial and Krull they are sublocally s-factorial, being sublocally s-GCD (by Corollary 3.3) and Krull ([15, Corollary 3.5]). That leaves the case of t-local domains of dimension greater than one. For that we have the following example. Thus the ring D is locally factorial. As we have seen above, D is not an S-GCD domain for S = {p n | 0 ≤ n ∈ Z}, so D is not a sublocally s-GCD domain and hence not sublocally s-factorial.
